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We develop a model of an incompressible material which microscopic structure is formed by ﬂexible but incompressible
balls connected mutually by linear springs. The model is motivated by the structure of smooth muscle tissues that exhibit
perfect elastic (or visco-elastic) behavior in a large extent of deformations. Moreover, their bulk (macroscopic) stiﬀness
may be very eﬀectively controlled and changed from very low values to essentially higher ones by simply deﬁned structural
changes inside individual muscle cells. In the continuum limit, the ‘‘balls and springs’’ model gives a nontrivial, highly non-
linear hyperelastic material. The stored strain energy function has generally no analytical expression. However, we ﬁnd an
approximate analytic formula, that is suitable for describing certain mechanical eﬀects coming from the special arrange-
ment of smooth muscle cells.
 2006 Elsevier Ltd. All rights reserved.
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The formation of realistic continuum (macroscopic) models of a very broad class of materials, enabling us
to predict their behavior in various situations, is an ambitious task of modern continuum thermomechanics,
see e.g. Maugin (1999). The crucial step of such modeling is the way in which the microscopic structure of the
material is averaged, i.e. the way of decreasing a huge number of microscopic degrees of freedom to only a few
ones surviving in macroscopic continuum models in the form of various continuum ﬁelds. Each continuum
model is always an approximation of an extremely complicated real structure. Therefore, an important task
of continuum thermomechanics is not only the formation of sophisticated continuum models, but also search-
ing for relevant features of microscopic structures that are responsible for various ‘‘modes’’ of the macroscopic
behavior of concrete materials. Nowadays, this task gains an independent importance in connection with the0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
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demanded properties (e.g. Rieth (2004)).
A possible way of studying the inﬂuence of a certain microscopic structure on the macroscopic behavior of
given materials consists in forming idealized mathematical models of their microstructure. Though the models
are motivated by real structures, they include only several features of their behavior and neglect others. They
enable us to study the manifestation of certain aspects of the microstructure on a macroscopic scale in a trans-
parent form. The model deﬁned by a regular lattice of material points connected by linear springs is a typical
example. This simple model may give an estimation of the material coeﬃcients of elastic materials (e.g. as done
by Feynman in his excellent courses of physics) as well as demonstrate surprising features of bifurcation
behavior disturbing the Cauchy–Born hypothesis (Friesecke and Theil, 2002). It is important to emphasize
that even the simplest idealized models cannot be solved in full generality because they have to include a huge
number of degrees of freedom (to model a macroscopic sample). Therefore, only their special states are usually
studied. For example, the simplest use of the model of material particles connected by springs is based on the
assumption that near points move nearly identically (it excludes, however, the bifurcation behavior but gives a
good approximation of ‘‘long-wave’’ processes on the structure).
In the present paper, we concentrate our attention on materials that are soft but consistent, and highly elas-
tic in a large extent of deformations. The motivation comes from living organs. The smooth muscles tissue is a
very good example of such a material. Moreover, this tissue is able to change considerably its global mechan-
ical properties by a subtle mechanism within individual muscle cells. There is no doubt about the usefulness of
materials with such properties in the industry. Therefore, to understand the main features of the mechanical
behavior of these materials, we study an idealized model which formation is motivated by the structure of
biological tissues. When observing the microscopic structure of these tissues, we ﬁnd collections of long, oval
living cells interconnected mutually by a network of elastic protein ﬁbers (see Figs. 1 and 2). A complex struc-
ture of other protein ﬁbers, called the cytoskeleton, occurs within every cell. The whole structure is extremely
complicated: there are various chemical reactions permanently rebuilding the networks, continuous exchange
of chemicals and energy between the cells and their surroundings, and so on (see e.g. Fung, 1993; Boal, 2003).
We are very far from understanding all aspects of the behavior of living tissues. Nevertheless, chosen features
may be studied by idealized models.
In biomechanical modeling of living tissues, various hyperelastic materials are often used. Especially, the
use of hyperelastic models based on the elasticity of ‘rubber-like’ materials is very popular (such as the
neo-Hookean, Mooney-Rivlin, Ogden, Hart-Smith or other materials, see e.g. Holzapfel and Ogden, 2006).
Thus, these models emphasize especially those mechanical aspects of tissue behavior that come from their
long-ﬁber microscopic structure. Living tissues are conglomerates of long polymer chains, to be sure. Never-
theless, the arrangement of these chains is not random – the formation of regular structure of living cells can-
not be ignored. The question is if there are special structural eﬀects related to this arrangement.Fig. 1. Section through the smooth muscle cells of a gastropod (scale 5 lm), Tonar and Markosˇ (2004).
Fig. 2. Schematic model of the interconnecting smooth muscle cells.
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the cellular arrangement of smooth muscle tissues. We concentrate especially on a (model) explanation of their
high softness and extreme facility to change considerably their bulk mechanical properties. The main features
of our model are easy to be explained. Let us imagine a structure consisting of regularly arranged, identical
ﬂexible balls. The balls are ﬁlled with an incompressible ﬂuid and joined mutually by elastic springs. The space
between the balls is ﬁlled with an incompressible ﬂuid, too. The deformation of the structure is realized pre-
dominantly by changes of shapes of individual balls (realized by a negligible amount of energy) so that the
springs deform only a little. As a result, the deformation needs only a little of energy and the material is very
soft. Let us confront it with another regular structure – a crystal consisting of rigid particles connected by the
same elastic springs. Here, a conformable deformation consumes considerably more energy because it is real-
ized only by the corresponding deformation of many springs, and the material is thus very stiﬀ (see Fig. 3).
This material becomes softer only if springs (bindings between particles) are partially destroyed and some fea-
tures of plastic deformation appear. But such deformations cannot be reversible. The deformation of the balls
structure, however, is reversible (the structure returns to initial state after application of an external load) even
if there are some eﬀects related to the ﬂow of ﬂuids during the deformation of the material sample (the behav-
ior is rather visco-elastic than elastic).
The structure consisting of balls and springs is made stiﬀer by adding some additional springs reinforcing
the balls (as an analogy of the cell cytoskeleton). That means that also the deformation of the balls consumes
some energy and the stiﬀness of the material may resemble the crystal-like material. Nevertheless, the special
design of the structure causes that the change of parameters of the inner springs may inﬂuence essentially the
global stiﬀness of the material. This is the essence of the mechanism by which individual muscle cells control
markedly the mechanical properties of the whole tissue.
In the paper, we study the model of ‘‘balls and springs’’ in detail. We deﬁne the continuum limit of the
model. Restricting only to static states, we obtain the hyperelastic model of the material behavior. The model
is highly nonlinear and allows modeling anisotropy of the structure (a typical feature of smooth muscle tissues).Fig. 3. An illustrative explanation of the softness of the structure of deformable balls connected by springs.
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constellation of parameters, the stored energy function may be replaced by an analytic formula that approx-
imates the problem very well. Fortunately, this constellation corresponds to the typical arrangement of
smooth muscle cells. The formula thus deﬁnes a nonlinear hyperelastic material that models certain aspects
of the mechanical behavior of smooth muscle tissues. We emphasize again that our purpose is not to ﬁnd a
realistic model of such tissues, but to describe clearly and transparently certain features of their behavior.
We remind that there are very sophisticated computer models of living tissues (based, e.g., on homogenization
techniques, see Rohan et al., 2006). But neither simpliﬁed formulas nor transparent physical dependence may
be gained from such models.
The paper is organized as follows. First, we deﬁne the system of balls and springs. We describe its basic
properties and the strategy of translation of the structure into a continuum model. In the continuum descrip-
tion, the structure is represented by a nonlinear hyperelastic material. In Section 3, the main properties of this
material are tested by numerical simulations of a simple traction test. A comparison with the Ogden material is
done, too. In Section 4, an approximate stored energy function of the studied material is found. We discuss its
physical applicability for modeling smooth muscle tissues. The approximation is tested on a thick spherical
shell undergoing large spherical deformations. The way in which anisotropy of the material is included in this
formula is studied in Section 5. In the concluding part of the work, the results are brieﬂy discussed and some
problematic passages in formulation of the model are outlined.
2. Model of balls and springs
We study the system consisting of many identical balls ﬁlled with an incompressible ﬂuid so that the volume
of each ball, Vball, is constant. The surface of the balls is formed by an elastic membrane which deformation
energy is neglected. Inside each ball, there are linear springs of rigidities Kci ; i ¼ 1; . . . ; 3, with respect to the
individual spatial directions. Hence the energy of the ball, when it becomes an ellipsoid which main axes
are identical with the chosen spatial directions, is given asEball ¼ 1
2
X3
i¼1
Kci ci  cð0Þi
 2 
; ð1Þwhere ci’s are the main diameters of the ellipsoid, and c
ð0Þ
i ’s are the rest lengths of the individual springs. Each
ball (excepting those on the border of the system) is connected with six surrounding balls by linear springs.
The space between the balls is ﬁlled by an incompressible ﬂuid so that the whole system (and its any part)
is incompressible.
There are many possible states of this system and it is impossible to analyze it in full generality. Therefore,
we will study only states of the system that may be straightforwardly ‘‘translated’’ into the continuum descrip-
tion (when distances between nearby balls become inﬁnitesimally small). That is why we study only states in
which the following assumptions are fulﬁlled.
1. Every ball is an ellipsoid and adjacent balls are nearly the same ellipsoids with the same main axes.
2. For every ball, there is a Cartesian coordinate system, which origin is located at the center of the ball, so
that centers of surrounding balls are symmetrically located on the axes of the coordinate system at the dis-
tances ofDxi  ci þ Di ð2Þ
from the origin, where Di’s are distances between the surfaces of neighboring balls (Fig. 4).
In any studied state, the whole body thus may be divided into rectangular prisms with dimensions Dxi.
Every cell includes one ball in the center and one half of each spring connecting the surrounding balls. The
energy of the rectangular cell is given asEðci;DiÞ ¼ 1
2
X3
i¼1
ðKci ðci  cð0Þi Þ2 þ KDi ðDi  Dð0Þi Þ2Þ; ð3Þ
Fig. 4. Two-dimensional section of a material which microstructure is formed by ‘‘balls and springs’’.
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ð0Þ
i ’s
are their rest lengths. Hence the sizes of the ellipsoid, ci, and the distances from its surface to the surfaces of the
surrounding balls, Di, characterize locally the state of the system. These parameters, however, are not indepen-
dent because of the incompressibility of the ﬂuids. Namely, the conditions,V c  c1c2c3 ¼ const; Dx1Dx2Dx3 ¼ const; ð4Þ
have to be fulﬁlled in any state (notice that V ball ¼ p6 V c).
The transition to a continuum description is straightforward. Let us choose a referential state in which the
rectangular cell around a chosen ball has dimensions Dxrefi . The previous assumptions concerning the possible
states of the structure exclude a local shear and guarantee that in the local coordinate system, which axes are
parallel with this rectangular cell, the deformation gradient F is of the formF ij ¼ bidij; ð5Þ
wherebi 
Dxi
Dxrefi
: ð6ÞSince we study only states in which near rectangular cells have practically the same properties, the deformation
gradient may be understood as a continuum ﬁeld variable varying continuously in space. The values of bi then
represent the principal stretches that specify the state of strain of each material element.
Now, let us ﬁnd the relations describing an allowed (i.e. selected between the set of allowed states as
described above) static state of the system of balls and springs that are realized for given boundary conditions.
These relations are derived from the fact that each ball has to occupy such a geometric conﬁguration that the
energy of the rectangular cell is minimized. That is, the parameters ci are selected in such a way that the func-
tion (3) reaches its minimal value for ﬁxed sizes of the rectangular cell, Dxi. As a result, since Dxi’s correspond
with the deformation gradient F, we obtain dependence of the energy on the deformation gradient only.
Namely,EminðDxiÞ ¼ min
c1c2c3¼const
Eðci;Dxi  ciÞ; ð7Þwhere E is given by (3), and the minimizing procedure has to respect the condition (4). In the continuum limit,
Emin deﬁnes the stored energy function (see e.g. Ciarlet, 1988) of the ‘‘balls and springs’’ material. Its density isW BSðF; xÞ ¼ Emin
V ref
; ð8Þwhere x denotes the spatial point ‘‘labeling’’ the cell in the continuum limit, and V ref ¼ Qdi¼1Dxrefi . An explicit
dependence on the (macroscopic) spatial coordinate, x, may appear as a result of inhomogeneity of the mate-
rial when the parameters of individual cells (e.g. the parameters of springs) are diﬀerent (to obtain the contin-
uum limit, we assume, however, that they may vary only at scales considerably larger than the size of
rectangular cells). It is worth noticing that WBS depends also on microscopic parameters, such as c
ð0Þ
i , which
will play an important role in what follows.
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geometrical properties of the balls with the ones of interconnecting springs,ki  K
c
i
KDi
; di  D
ð0Þ
i
cð0Þi
: ð9ÞNotice that the limit (k1,k2,k3)! 0 means that the balls are only ﬁlled with ﬂuid (not reinforced by springs).
The energy may be split into a part describing an averaged spring elasticity of the whole rectangular cell, and a
part depending on the sizes of the ball, ci. Namely,W BS ¼ W spring þ W 0; ð10Þ
whereW spring ¼ 1
2V ref
X3
i¼1
BiðbiDxrefi  ðcð0Þi þ Dð0Þi ÞÞ2; ð11Þ
W 0 ¼ V
2=3
c
2V ref
min
ci
X3
i¼1
Aiðri  qiÞ2; ð12ÞwhereAi  KDi þ Kci ; Bi  Kci ð1þ kiÞ1; ri 
ci
V 1=3c
; qi ¼
biDx
ref
i  Dð0Þi þ kicð0Þi
ð1þ kiÞV 1=3c
: ð13ÞThe values of ri, minimizing (12), are obtained as a solution of the system of nonlinear equationsr22r
3
1ðr1  q1Þ þ
A3
A1
ðr1r2q3  1Þ ¼ 0;
r21r
3
2ðr2  q2Þ þ
A3
A2
ðr1r2q3  1Þ ¼ 0;
r1r2r3 ¼ 1:
ð14ÞGenerally, this system has no analytic solution. When solving the equations numerically, we obtain the val-
ues of ri (re-scaled sizes of balls) that are dependent on the given strain of individual cells, bi, occurring in qi.
That determines the energy (10) of each cell which is dependent on its strain, i.e. we obtain a concrete form of
the dependence of the stored energy function, WBS, on the deformation gradient (5).
The function WBS deﬁnes a nontrivial hyperelastic material called the BS material in what follows. This
material is generally anisotropic (there is no assumption about parameters of the structure in dependence
on spatial directions) and may be inhomogeneous (the function WBS may depend on spatial coordinates if
the parameters diﬀer for individual cells). Unfortunately, we have no general analytic formula of this material.
3. Traction tests of the BS material
For a better understanding of the BS material behavior, we solve numerically the simple traction problem
in 3D. Let b = b1 be the stretch ratio in the direction of elongation and r the corresponding Cauchy stress. No
lateral forces are applied and we suppose transverse isotropy (the model is isotropic in directions 2, 3, but gen-
erally anisotropic), i.e. b2 = b3 (¼b12 thanks to incompressibility). Moreover, we assume that the sample of
studied material has a natural state, i.e. there exists a conﬁguration at which the total stored energy has a glo-
bal minimum. The natural state may be determined as follows. Namely, if Dxi ¼ cð0Þi þ Dð0Þi thenWspring = 0. If
moreovercð0Þ1 c
ð0Þ
2 c
ð0Þ
3 ¼ V c ð15Þthen ri ¼ cð0Þi =V 1=3c is a solution of the minimizing problem (14) for bi = 1 so that W 0 = 0, too. The condition
(15) thus guarantees the existence of natural state. The referential conﬁguration is then chosen as
Fig. 5.
(right
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When comparing numerical results for various ki, we see that if ki  1 the BS material exhibits only simple
spring elasticity, WBS Wspring. It is quite understandable because then the inﬂuence of the balls is given lar-
gely by their spring reinforcement (and the material is deﬁned by the eﬀective spring rigidities Bi). It has the
general validity: if the balls become rigid bodies, i.e. ki!1, then q1q2q3 = 1 (thanks to (15)) and the solution
of the minimizing problem (12) is W 0 = 0, henceW BS ¼ W spring ðki !1Þ: ð17Þ
Interesting results are obtained when ki’s are small. Then the inﬂuence of the balls is nontrivial. Namely, the
eﬀect of making the sample deformation by ‘‘deforming the balls rather then the external springs’’ (presented
in Fig. 3) plays an important role. The BS material becomes very soft and exhibits features of highly nonlinear
material. Its behavior diﬀers considerably from that of the linear ‘‘spring’’ material. A representative depen-
dence is plotted in Fig. 5.
The introduction of the BS material is based on a completely diﬀerent physical structure than that of ‘rub-
ber-like’ materials which are often used in modeling living tissues. Therefore, a quantitative comparison might
be instructive. We have chosen the Ogden material for incompressible, isotropic materials, deﬁned by the
stored energy function (written in principal stretches bi),W Ogden ¼ C1
X3
i¼1
ba1i  3
 !
þ C2
X3
i¼1
ba2i  3
 !
; ð18Þbecause it is a generalization of the neo-Hookean material (C2 = 0, a1 = 2) and the Mooney-Rivlin incom-
pressible material (a1 = 2, a2 = 1) (see e.g. Ogden, 1972). We tried to adjust the four parameters in (18)
to ﬁnd a suitable Ogden material which ﬁts the chosen isotropic BS model in the studied traction test as close
as possible. Surprisingly, when demanded the same Young’s modulus of the both models (the tangent at
b = 1), the Ogden material was not able to ﬁt the BS material for small k (i.e. when the BS model exhibits
a highly nonlinear behavior) – see Fig. 6. Namely, the growth of the stress is larger than it can be obtained
from the Ogden model. This steeper character of the stress–strain relation is known from experimental tissue
biomechanics (see e.g. Polansky´ et al., 2005). From this viewpoint, the BS model gives a better characteriza-
tion of smooth tissues than the classical models of rubber elasticity. On the other hand, softening at higher
strains (above b  3, see Fig. 6) is not experimentally observed. It may be explained as a result of the highly
simpliﬁed energy formula (3) (e.g. neglecting the energy of the balls’ membrane causes the balls to be consid-
erably deformed if the rigidities of inner springs are small).
The important feature of the BS model is its explicit dependence on microscopic parameters that corre-
spond to important parameters of tissue biomechanics. The parameters of inner springs ðKci ; cð0Þi Þ, for instance,The stress–strain relation of the BS material (WBS) and a pure spring material (Wspring) when ki = 10
2 (left ﬁgure) and ki = 10
4
ﬁgure) ðcð0Þ1 =V 1=3c ¼ 1:5; V c=V ref ¼ 1=2;KD1 =V ref
1=3 ¼ 1 kPaÞ.
Fig. 6. Comparison of the BS material and the Ogden material. For isotropic material with V c=V ref ¼ 1=2;KD1 =V ref
1=3 ¼ 1 kPa and
ki = 10
4, the identiﬁcation of coeﬃcients (based on the non-linear least squares method) leads to C1  1.01, a1 = 0.92, C2  89.70,
a2  0.10.
Fig. 7. The traction test in dependence of the relative rest length cð0Þ1 =V
1=3
c ðV c=V ref ¼ 1=2; KD1 =V ref
1=3 ¼ 1 kPa; ki ¼ 103Þ.
Fig. 8. The traction test in dependence of the size of the ball ðcð0Þ1 =V 1=3c ¼ 0:5; KD1 =V ref
1=3 ¼ 1 kPa; ki ¼ 103Þ.
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stimulation of muscle tissues, Fung, 1993). Numerical results show a strong dependence of overall mechanical
properties of the BS material on these parameters (see Fig. 7). (The change of inner spring parameters is done
only in one direction which contributes also to the anisotropy of the model.) It is also instructive to study the
dependence of the material stiﬀness on the relative size of balls (see Fig. 8): the stiﬀness decreases if their
relative size increases. In living tissues, balls (living cells) occupy nearly the whole space (see Fig. 1), which
coincides with their low stiﬀness.
4. The approximate analytic formula
The model is nontrivial when the springs reinforcing the balls are considerably softer than the external
springs, i.e. ki’s are small. Notice that if (k1,k2,k3)! 0, the energy Wspring tends to zero because Bi! 0.
The stored energy WBS, deﬁning the material, is then given as a solution of the minimizing problem (12).
Ifq1ðb1Þq2ðb2Þq3ðb3Þ ¼ 1 ð19Þ
the solution of the minimizing problem (12) is simple, namelyqi ¼ ri; ð20Þ
and W 0 = 0. Finally, if (k1,k2,k3)! 0 and (19) is valid, then WBS = 0. If (19) is valid when bi5 1, then the
situation is highly nontrivial because the material loses (locally) its stored energy not only in the referential
conﬁguration (16) describing the natural state but also at a nonzero deformation (see Holecˇek et al., 2003).
Let us illustrate it on the traction test. The stretches are the same within the whole sample. Thus there exists
another global minima of the total stored energy. Numerical solutions of the minimizing problem for k = ki
tending to zero (see Fig. 9) show the existence of a local maxima of the stored energy if b < 1. This situation
induces instability in the mechanical behavior. Let us make a compression test on the sample from the natural
state (where b = 1). Initially, the energy increases and we need to produce a pressure to deform the sample. At
the local maximum of energy, the state becomes instable and the material suddenly ‘‘collapses’’ into a new
state where the sample is shorter.
The fact that (19) implies the existence of an exact solution of the minimizing problem, (20), motivates us to
look for an approximate solution of (14), and thus for an approximate formula for the energy W 0. Namely, if
we look for the solution in the formri ¼ qi þ i; ð21ÞFig. 9. Dependence on the energy WBS during a traction/compression test for ki tending to zero.
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2
V 2=3c
V ref
A1A2A3ð1 q1q2q3Þ2
A1A2q21q
2
2 þ A2A3q22q23 þ A3A1q23q21
: ð22ÞThis approximation may be understood as an expansion of W 0 around the point (19) in the parameter
g  q1q2q3  1,W 0ðgÞ ¼ W 0ð0Þ þ dW
0
dg
gþ 1
2
d2W 0
dg2
g2 þ    ; ð23Þbecause this point is a local minimum at which one W 0 = 0.
For a better understanding of the approximation (22), we will consider that the model admits the referential
conﬁguration (16). Let us write qi in the formqi ¼
cð0Þi
V 1=3c
beffi ; ð24Þwhere we have introduced the eﬀective stretches, beffi ,beffi ¼
1þ di
1þ ki ðbi  1Þ þ 1: ð25ÞNotice that beffi ¼ 1 whenever bi = 1. At the point (19),
beff1 b
eff
2 b
eff
3 ¼ 1; ð26Þbecause cð0Þ1 c
ð0Þ
2 c
ð0Þ
3 ¼ V c. Notice that the condition (26) is fulﬁlled (at arbitrary strain) wheneverdi ¼ ki; ð27Þ
which represents a special relation between the geometric and the physical parameters of the microstructure.
In this case WBS =Wspring.
Generally, however, (26) is not valid andW 05 0. The formula (25) allows us to estimate the validity of the
approximation (22). If ki  1 then the spring elasticity is dominant and WBS Wspring. Hence let us suppose
that ki’s are small. IfDð0Þi  cð0Þi ð28Þ
then di 1 and (25) implies that beffi ’s are near bi. It implies the validity of the approximation (21). This case,
however, is perfectly fulﬁlled for smooth muscle tissues, where di’s are in the order of 10
1 or less because the
gap between individual living cells is very small compared to their size (in Fig. 1, the gap is about 250 nm).
It motivates us to introduce the hyperelastic material described by the following stored energy function,W bs ¼ 1
2V ref
X3
i¼1
ðcð0Þi þ Dð0Þi Þ1Biðbi  1Þ2 þ
V 2=3c
2V ref
A1A2A3ð1 q1q2q3Þ2
A1A2q21q
2
2 þ A2A3q22q23 þ A3A1q23q21
; ð29Þwhich is a suitable approximation of the ‘‘balls and springs’’ material if (28) is valid (the ﬁrst term is Wspring
written by the use of (16)).
The applicability of the approximation should be tested. The idealized traction test, however, is a very spe-
cial case because the strain is the same at every point of the sample (the behavior of the whole sample is the
same as the behavior of one rectangular cell). That is why we choose another testing example. The sample is a
thick, spherical shell (a hollow sphere) which undergoes large spherical deformations. The deformations are
caused by a pressure gradient, DP = Pint  Pext, where Pint is the pressure inside the hole of the sphere and
Pext is the external pressure. The strain at points of the sample is generally diﬀerent if the points are at diﬀerent
distances from the center of the sphere. We calculate the dependence of the pressure diﬀerence on the volume
of the hole by using both the exact BS model and the Wbs formula. The results are plotted in Fig. 10. The
validity of the approximation (29) is studied comparing the results from the potential WBS (obtained by
numerical calculations) and its analytic approximation, Wbs, for various di/ki (we see that if di/ki! 1, the
potentials become identical).
Fig. 10. Dependence of the pressure diﬀerence DP on the inner volume V using the elastic potential WBS (solid curves) and its analytic
approximation Wbs (dotted curves). The two curves are identical if di/ki = 1. (The sample is a thick hollow sphere with radii Rint = 3 cm
and Rext = 4 cm, ki = 1/20, "i.)
Fig. 11. A confrontation of the model with the experiment on the porcine bladder.
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resembles (at least very roughly) this hollow sphere undergoing pressure diﬀerence. A typical example is the
bladder. In Fig. 11, the confrontation of the model with experimental data collected on the porcine bladder is
presented (Moravec et al., 2003). The identiﬁcation gives ki  0.1,Vref/Vc  3, KD1 =V 1=3C  300 kPa and
cð0Þ1 =V
1=3
c  0:9.
5. Anisotropy of the material
The stored energy function Wbs is an approximation of the BS material. We propose its use in the biome-
chanics of smooth muscle tissues to model chosen aspects of their mechanical behavior, especially certain struc-
tural eﬀects originating in their arrangement (resembling the structure of mutually interacting reinforced
balls). The smooth muscle tissue is highly anisotropic. It is evident when noticing the length of muscle cells
in comparison with their diameters (see Fig. 1). The shape of cells, however, represents only the geometric
anisotropy. How is it related to the physical anisotropy of the material?
To study this question, we introduce the parametersHi 
ﬃﬃﬃﬃﬃﬃﬃﬃ
Aiqi
p
; ð30Þ
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compa
the lefW bs ¼ V
2=3
c
2V ref
X3
i¼1
Kci
KDi
ðHi  hiÞ2 þ ðH 1H 2H 3  h1h2h3Þ
2
H 21H
2
2 þ H 22H 23 þ H 23H 21
 !
; ð31Þwhere hi = Hijb=1. To show how the physical anisotropy is included in the relation (31), we describe the sim-
pliﬁcation of this formula in the situation when there is only geometric anisotropy.
Suppose that living cells are oriented as our ellipsoid balls (i.e. having main axis identical with axis of the
local coordinate system). We may imagine each cell as being reinforced in the spatial direction i(i = 1,2,3) by
ni identical springs of the same rigidity k
c
i . Similarly, we assume that the interconnection with the adjacent cell
in the spatial direction i is realized by n0i identical springs of the same rigidity k
D
i . If there is no physical dif-
ference between the individual directions then the density of springs should be independent of the direction,
i.e.ni
Si
 nj
Sj
;
n0i
Si
 n
0
j
Sj
; ð32Þwhere Si is a mean surface of the living cell cross-section perpendicular to the ith axis. Moreover, springs in
individual directions should be the same (from the same ‘‘material’’). It means thatkci c
ð0Þ
i  kcjcð0Þj ; kDi Dð0Þi  kDj Dð0Þj : ð33ÞBecause Kci ¼ nikci ;KDi ¼ n0ikDi , the formulas (32) and (33) lead to the relation
Kci
KDi
 K
c
j
KDj
di
dj
 
; ð34Þwhich means that the diﬀerence between individual directions in the general formula (31) is expressed only by
geometric parameters di  Dð0Þi =cð0Þi . Hence, if the problem is physically isotropic, i.e. if (32) and (33)’s are ful-
ﬁlled, and if the relationdi  dj ð35Þ
is valid, then the stored energy function Wbs presents a remarkable symmetry,W bs ¼ V
2=3
c
2V ref
k
X3
i¼1
ðHi  hiÞ2 þ ðH 1H 2H 3  h1h2h3Þ
2
H 21H
2
2 þ H 22H 23 þ H 23H 21
 !
; ð36Þ. Illustration of the geometric anisotropy of the material on the hollow sphere sample. The isotropic material ðKci ¼ Kcj ;KDi ¼ KDj Þ is
red with materials having geometric anisotropy. In the ﬁgure on the right side, the rectangular cells are longer than in the ﬁgure on
t side.
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c
i
KDi
: ð37ÞThe parameters Hi seem to be suitable variables of the problem with simple geometric anisotropy fulﬁlling
(35). Notice that the physical isotropy with the condition (35) does not imply that Ai equals Aj. Namely,
Ai  Kci and Kci may be diﬀerent with respect to the individual directions. The formula (36) is applied to
the hollow sphere problem deﬁned in the last section. That means, we suppose the physical isotropy of the
material with the condition (35) and we calculate the pressure dependence of the sample in dependence on var-
ious k’s deﬁned by (37). Several illustrative results are plotted in Fig. 12.
The fully anisotropic problem has to be modeled by the formula (31). The relation (34) implies that the
physical anisotropy is characterized by the diﬀerence of ki=di in individual directions (ki is deﬁned in (9)).
6. Conclusion and discussion
The study done in this paper is motivated by the structure of chosen living tissues – the smooth muscles.
The living tissues are formed by mutually interconnected living cells circumscribed by an elastic membrane
and ﬁlled with ﬂuid and complicated structure of protein ﬁbers (cytoskeleton). There are many reasons
why the structure of living organs has been ‘‘designed’’ in such a way during the ages of evolution. The cells
fulﬁll many tasks and the whole structure of the tissue enables them to work properly in the highly eﬀective
way. Nevertheless, the structure is also interesting from a pure mechanical viewpoint. Though the Young’s
modulus of soft tissues may be in the order of 104 J/m3, the Young’s modulus of typical ﬁbers forming the
structures are several orders higher (say about 108–109 J/m3, comparable to plastics), see e.g. Boal (2003).
It means that the extreme softness of its tissues has to be an eﬀect of a special arrangement of the structure.
To model such a structural eﬀect, we have introduced the model structure consisting of incompressible elas-
tic balls interconnected by linear springs. In the continuum limit, that structure generates the incompressible
hyperelastic material described by the stored energy functionWBS. This function, however, may be determined
only numerically (by solving the minimizing problem (12)). Therefore, we have found its analytic approxima-
tion Wbs. The approximation gives a good estimation of the exact function if the gap between balls is very
small in comparison with their linear dimensions. Since the structure of smooth muscle cells has this property,
we propose the use of the function Wbs in modeling the smooth muscle tissues.
This model, however, cannot be correct in all aspects. Its main prospect consists in modeling (approxi-
mately) the manner in which smooth muscle tissues change considerably their global stiﬀness. The ‘‘balls
and spring’’ model may explain it as a special structural eﬀect of their arrangement, which is described by
the second part of the stored energy function W 0 (approximated by the formula (22)). This eﬀect is controlled
sensitively by the relative rigidities between inner and external springs. If we identify the inner springs with the
ﬁbers of the cellular cytoskeleton, we may explain the mechanism of the stiﬀness control very simply: the mus-
cle stimulation changes the tension in cytoskeleton ﬁbers which means nothing but a change of the parameters
of inner springs.
The ﬁrst part of the stored energy function, Wspring, describes the averaged elasticity of the structure. It is
the elasticity of the sample when structural eﬀects are neglected. It describes the elasticity of a material con-
sisting of linear springs. Such a material, however, cannot model the living tissues’ behavior because they are
formed by polymer ﬁbers. The polymer elasticity has a completely diﬀerent physical explanation than, say, the
elasticity of crystals (which could be modeled by springs). Hence the termWspring does not seem to give correct
averaged elasticity. Nevertheless, an improvement of the model could be done by replacing the termWspring by
a formula describing the hyperelasticity of ‘rubber-like’ materials. The problem is that the standard formulas
of rubber elasticity (like the Ogden material) are formulated for isotropic materials. The nice symmetry of the
formula (36) hints to search for a stored energy function (at least in the case when the asymmetry is only geo-
metrical) in the formW rubberðH 1;H 2;H 3Þ þ W 0ðH 1;H 2;H 3Þ;
where Wrubber is an (unknown) stored energy function describing averaged rubber elasticity.
7406 M. Holecˇek, F. Moravec / International Journal of Solids and Structures 43 (2006) 7393–7406There are also questions concerning the solution of the model. For example, we have taken into account
only special states of the system of connected balls that give a reasonable translation to the continuum descrip-
tion. Namely they are states in which near balls behave practically equally. The assumption that we can restrict
only on such states is nothing but a modiﬁcation of the Cauchy–Born hypothesis. This hypothesis, however,
may not be valid (as shown by Friesecke and Theil (2002) for a much simpler system consisting of rigid par-
ticles connected by linear springs). Therefore, it should be interesting to study this problem in detail and ﬁnd
some new ‘‘modes’’ of the behavior of the ‘‘balls and springs’’ material (if any) that may emerge beyond the
validity of this assumption. Another problem concerns the fact that the prestress of inner springs (which may
disturb the assumption (15)) may not allow to deﬁne simply the referential conﬁguration as the natural state.
Since prestress may be important for controlling the stiﬀness of the material, this point is also interesting and
should be studied in detail.
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